Summer 2025

MATH 149A: PROBABILITY AND MATHEMATICAL STATISTICS

Final Review Problems

Solutions

Midterm review problems

Please review and revisit the problems presented in the Midterm Review. The problems on the Final Exam
related to the first half of the course will be similar to those covered in the Midterm Review.

Markov’s and Chebyshev’s inequalities

1. Let S be a random variable representing the time (in seconds) it takes for a computer program to
execute. The mean execution time is 100 seconds, and the variance is 25 seconds.

(a)

Use Markov’s inequality to estimate the probability that the program’s execution time is at least
5 minutes.
Solution. We are asked to estimate P(S > 300), since 5 minutes = 300 seconds. Markov’s
inequality states that
E(S) 100 1
P8§>300)< —>=— = —.
(82 )= 300 300 3
Use Chebyshev’s inequality to give a lower bound on the probability that the program’s execution
time is within 15 seconds of the mean.
Solution. We are asked to estimate P(|S — 100| < 15), the probability that S lies within 15
seconds of its mean. Chebyshev’s inequality states:
Var(S) 25 1

P(IS — 100 > 15) < — 20 _ 29 _
( |2 15) = =5 1529

Therefore, the lower bound on the desired probability is:

P(|S — 100 < 15) =1 — P(|S — 100] > 15) > 1 —
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Joint and marginal distributions

1. Imagine a zoo with twelve exhibits, each labeled with an animal type and a caretaker. Let X represent
the animal type, and Y represent the caretaker of the selected exhibit. The joint probability mass
function is given by the table below.

(a)

x/y ‘ Mammals Birds Reptiles Amphibians
Caretaker A 0 1/12 1/12 1/12
Caretaker B 3/12 0 0 1/12
Caretaker C 0 1/12 2/12 0
Caretaker D 0 0 0 2/12

What is the probability that a randomly chosen exhibit features an Amphibian cared for by
Caretaker C?

Solution. The probability is given by P(X = Amphibians, Y = Caretaker C) = 0.



(b) Compute the marginal PMF of X.

Solution. The marginal PMF of X is obtained by summing the probabilities over all values of
Y for each fixed value of X:

1
P(X:Mammals)70+i+0+0*1

12
1 1 1
P(X = Bird — — = =
( irds) = 12+0+12+0 5
P(X = Reptiles) = i+0+3+0—1
- nep 12 12 4’
P(X = Amphibians) = i+i+0+3 5
- AP 12712 123

(¢) Compute the marginal PMF of Y.

Solution. The marginal PMF of Y is obtained by summing the probabilities over all values of
X for each value of Y:

1 1 1 1
P(Y = Caretaker A) =0+ St te =1

1
P(Y = Caretaker B) = 3 +04+0+ =

12 3’
P(Y = Caretaker C) = 0+i+3+0—1
B 1212 4’

1
P(Y:CaretakerD)—O—&—O—i—O—&—E 6
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2. Let X and Y have the joint PDF f(z,y) = § + %, 0 <2 < 1,0 <y < 2, and zero elsewhere.

(a) Check that f(z,y) is indeed a valid PDF.
Solution. To check if f(z,y) is a valid PDF, we need to verify two conditions:
— f(z,y) >0 for all z,y.

}O }O flz,y)dxdy = 1.

— 00 —00
Let’s check these conditions:

2
— For f (z,y) = § + %, it is clear that the terms are always non-negative.

1 ) 1 L e
dz = /21;“8 dr = ‘”2381’ e 1, so the
y=0 9
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second condition is satisfied.
Therefore, f(x,y) is a valid PDF.

(b) Find the marginal PDF of X.
Solution. The marginal PDF of X is obtained by integrating f(z,y) with respect to y over the

entire range of y:
(o zy |y
-[(5+5)w=(3+%)
0

(¢) Find the marginal PDF of Y.
Solution. The marginal PDF of Y is obtained by integrating f(x,y) with respect to « over the

entire range of x:
| 2 2 2
Yy x xy
= Sl Vg = 42
/<9+3> ’ (18+ 3)
0

0
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(d) Use your answer in (c) to find P(0.3 <Y < 0.9).
Solution. The probability is given by the integral of fy (y) over the specified range:

0.9

1 g2 3
P(O.3<Y<O.9):/<l8+y3) dy:<1?/8+y9>

0.3

0.9 3 3
:%4_%—%—%%0.111.
0.3 18 9 18 9

Expectation of two random variables

1. Consider random variables U and V with ranges {0, 1,2} and {0, 1} and joint probability mass function

plu,v) = 34t0.

(a) Check that p(u,v) is indeed a valid PMF.
Solution. To check if p(u, v) is a valid probability mass function, we need to verify two conditions:

— p(u,v) >0 for all u,v.
S plu) = 1.

Let’s check these conditions:

— For p(u,v) = 3%*1'”, it is clear that the numerator is always non-negative, and the denominator
is positive, so p(u,v) > 0 for all u,v.
2 1
- >3 > plu,v) = > Jutv — ORI43444647 — 1, 50 the second condition is satisfied.
u v u=0v=0

Therefore, p(u,v) is a valid PMF.
(b) Compute E(U?) and E(UV).
Solution. The expected values are given by

2

1
3u+wv 0+1 3+4 6+ 7 59
2y _ 2 _ = .02 124 270 2 07
E(U)—%:%:u p(u,v) ;::0;) 51 u 21 0* + 51 1+ 51 2 57

0 1 3 6 4 7 18
E = . = — i — —_ 1. — .1 .2 =__
o) ;;p(“’”) . (21 Tortart 21) 05 15 21

(¢) Find E(4U? - 3UV).
Solution. Using linearity of expectation, we obtain

59 18 182 26
E(4U? — = 4E(U?) - 3E =4 — -3 —=—_—"=".
(4U% - 3UV) (U?) — 3E(UV) 53 o~ 3

2. Consider continuous random variables X and Y with joint probability density function given by:

S (2?+y?) ifo<r<2,0<y<z+l
flay) =1 ( ) .

0 otherwise.
(a) Sketch the region S C R? where f(z,y) # 0.

Solution. The region S is the set of points (z,y) such that 0 <z < 2 and 0 < y < 2 + 1. The
region is bounded below by the x-axis, on the left by = 0, on the right by = = 2, and above by
the line y =z + 1:



(b) Find PO <Y < 2).
Solution. To find P(0 <Y < 2), we integrate f(z,y) over the subset S, cut out by the additional
constraint y < 2:

y
2 __________
1
Sn{0<y<2}
0 2 x
2 min(z+1,2)
P(0<Y<2):/ @) dydo =
0 0
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<x3+x2+x;+x2+aj> da:+0.05/ (322 + 4)
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0.05(z% +42)| = =4 — == =—_.
N (z+x)1 50720 80 16

(¢) Set up the integral expression for computing the expected value of sin(1 — XY’). Do not evaluate
it.
2 z+1
Solution. E(sin(1 — XY)) = %// sin(1 — 2y) (22 + y?) dy da.
00



